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Let F be a univariate distribution with negative xpectation. and let M denote the distribution 
of the positive maxima of a random walk generated by a sequence of independent observations 
from E We consider the Laplace transffxms of 1 -F(x) and 1 -M(x). A relation between the 
transforms yields some known results on the moments and the regrllarly varying properties of the 
AMS classification: Prima? SOEOS; Secondary 60G50 
random walk Laplace transform 
regular variation 
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1. Introduction 
Let (Xn) be a sequence of i.i.d., random variables, with the underlying dis- 
tribution F. Let 
N=max{O,S, ..., ), M(x)=P{Na). 
A basic problem of queueing theory deals with the distribution of N, the positive 
maxima of the random walk, generated by the sequence {Xn}. We assume that p is 
finite and negative. It follows that N is finite with probability 1. 
Let 
x) 
x’ dF(x), 
D 
/.L = x’-‘(1 -F(x))dx, V, = x’-‘(1 -M(x))dx 
r-1 
x e +(l -F(x))dx, 
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for r> 0 and A > 0. It is known (see e.g. Kiefer and Wolfowitz (1956) and Cohen 
(1973)) that pr+l < 00 CI, z+ < 00 and that if 1 -F(x) varies regularly at infinity with 
exponent p, then 1 -M(x) varies regularly at 00 with exponent 1 + p and vice versa. 
In this paper we give a different proof of these interesting results on the asymptotic 
relation between the distributions F and MI 
2. Main results 
The distribution of N, the maxima of the random walk is given by the Wiener- 
Hopf integral equation (see Feller [3],$ XII.3a) 
J 
X 
M(x) = Mb - y) dF(y) 
--oo 
or 
l-M(x)= 
J 
x (l-M(x-y))dF(y)+l-F(x). (2-l) 
-00 
NIultip’iying both sides of (2.1) by x’ emAx and integrating with respect o x we get 
I 
al 
X* e-““(l -M(x)) dx = 
0 
or 
J m 0 (1 - M(x))[x’ ewhx - Jm (x + y)’ e-“(X+Y)dF( y)] dx = -X 
43 
= Q xr eahx( 1 - F(x)) dx. W) 
Let QA (x) denote the quantity inside the square bracket on the left side of (2.2). We 
have 
QJx)=de -“xF(-.x)+ *(x~e-hx-(X+y)pe_*(.~t~))dF(y)= J - x 
J 
-33 
=~~e-““F(-x)- y(X+~y)‘-‘(r-h(x+ey)e‘“(x+“s)~F(y) 
-x 
by the mean value theorem, where 0 < 8 < 1. 
Suppose that J; ~00. Since - 00 < p c 0 nccording to our assumption, we have 
that xF( - x)+ 0 as x + 0~). Hence, there is a positive number c, such that 
lC?A(X)l< cxr-’ (2.3) 
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for x 3 1. Let A +O in (2.2). From (2.3) we obtain the following result: 
V,coo~p~+,~oo. (2.4) 
Let the sequence 
variables as follows: 
x$= :d { 
be obtatned from the given sequence {Xn} of random 
Let d be a positive number, and let 
if X, 2 - d, 
if X,, < - d. 
Let F*V M*, N*, p*, JL?, ~9, @F(A), (//T(A) and Q:(x) be the analogue of the 
corresponding unstarred terms defined for the sequence {Xn}. We let a’ be chosen 
sufficiently large, such that p* < 0. Clearly, N* 2 N. Hence, M”(x)< M(x) and 
v: a v, Also 
F*(x)== F(x), x 20. 
Hence, pr = pT, 4&(A) = 4?(A). 
The analogue of (2.2) is gi-.;en by 
(1 -M*(x))Q:(x)dx = 4% (A)= #r+,(h). (2.2)* 
For x 2 d we have 
Q:(x)=x’e*‘[l-E(l+f)’ eVAYdF*(y)]= 
=- rp*x’-’ eBhx( 1 + &A) (2.5) 
Let A +O in (2.2)“. From (2.5) we obtain the following result: 
Moreover, if VT = 00 or tic,+1 = 00, then 
Since v$ Z= V” from (2.6) we have that 
v,=oo~p,+~=oo. (2.8) 
Let d + CCL Since N* + N in the sense that P{N* -N > E}+ 0 as d + 00 for any 
6 > 0, from (2.7) we have the following result: If vr = 00 or pr+l = 00, then 
4r+l(A)--- - rpJl,(A) as A -4. (2.9) 
), (2.8) and (2.9) we have the following theorem: 
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Theorem 2.1. Let r >O. Then pc,+l c 00 or, u, < 00. If @*+I = 00 or V, = 00, then 
db+1@)= -tp&(A) asii +O, 
A positive function L defined on [0, 30) is said to vary slowly at infinity (see Feller 
[3], 6 VIII.@ if L(tx)/L(t)+ 1. as t --,a for each Y ~0. A positive function U 
defined on [0, 00) is said to vary regularly at infinity with exponent p if U(X) = 
x’L(x), where L varies slowly at infinity and 0-00 <p <a. By the Tauberian 
theorem if a measure H varies regularly at infinity, then its Laplace transform o(h) 
varies regularly at the origin, and vice versa. Moreover, the exponents of H and o 
are same in absolute value. Hence, we obtain the following result from the second 
part of Theorem 2.1. 
Corollaty 2.1. If 1 - F(x) varies regularly at infmity with exptizent p, then 1 -M(x) 
VWIPC regularly at infinity with exponent 1+ p, and vice versa. 
; Remark. The proof of Theorem 2.1 is considerably simplified by the assumption 
0~ that --OO < g c 0. On the other hand, Kiefer and Wolfowitz [4] have shown in their 
paper that P,+~ 00 * v, c a if -OOG I_C c 0. Also, Spitzer’s identity (1960) pro- 
vides the Laplace transform, of M(x) which leads to a proof of the given results. 
However, the emphasis in this paper is on simplicity. The reader may refer to an 
interesting paper by Borovkov (1970) on the properties of the distribution of the 
supremum of sequential sums. 
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